The boundary value problems for linear and nonlinear singular degenerate differentialoperator equations are studied. We prove the well-posedeness of the linear problem and optimal regularity result for the nonlinear problem which occur in fluid mechanics, environmental engineering and in the atmospheric dispersion of pollutants.
Introduction, notations and background
The maximal regularity properties for linear differential-operator equations (DOEs) have been studied extensively by many researchers (see e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] and the references therein). The main objective of the present paper is to discuss the boundary value problems (BVPs) for the following nonlinear singular degenerate DOE . Several conditions for the uniform separability and the resolvent estimates for the corresponding linear problem are given in abstract L p -spaces. Especially, we prove that the linear differential operator is positive and is a generator of an analytic semigroup. Moreover, the existence and uniqueness of maximal regular solution of the above nonlinear problem are obtained. One of the important characteristics of these DOEs is that the degeneration process is taking place at different speeds at the boundaries, in general. Maximal regularity properties of regular degenerated nonlinear DOEs are studied e.g. in [1, 8, 10] . Unlike these we consider here the singular degenerate DOEs. In applications maximal regularity properties of infinite systems of singular degenerate PDE are studied.
denote the space of strongly measurable E-valued functions that are defined on Ω with the norm
. Let C be the set of the complex numbers and S ϕ = {λ; λ ∈ C, |arg λ| ≤ ϕ} ∪ {0} , 0 ≤ ϕ < π . A linear operator A is said to be ϕ-positive in a Banach space E with bound
E-valued weighted function spaces defined in [8] .
Linear degenerate DOEs
Consider the BVP for the singular degenerate differential-operator equation
The main result is the following:
and |arg λ| ≤ ϕ with sufficiently large |λ| and the following coercive uniform estimate holds
For proving the main theorem, consider at first BVPs for the singular degenerate DOE
where u
In a similar way as [9, Theorem 5.1] we obtain
. Moreover for |arg λ| ≤ ϕ and sufficiently large |λ| the following uniform coercive estimate holds
Let B denote the operator generated by problem (3), i.e.
+ Au.
In a similar way as [8, 
Proof. Since α > 1, by [9, Theorem 2.3] we find that there is a small ε > 0 and C (ε) such that
p,α (0,a;E(A),E)
Then in view of (6), (7) and due to positivity of operator B we have the following estimate
Since −x 2α u (2) = −u [2] + αx α−1 u [1] , the assertion is obtained from Theorem A 1 and the estimate (8).
Proof of Theorem 1. Consider at first the principal part of problem (1), i.e
Since (9) can be expressed as:
By virtue of [1, Theorem 4. F ) and the operator Q generated by problem (9) has a bounded inverse from L p (G; E) to W [2] p,α,β . Moreover by using embedding theorems in W [2] p,α,β (see e.g. [9, Theorem 2.3]) we get the following estimate
By virtue of the above estimate and by using perturbation properties of linear operators we obtain the assertion.
Nonlinear degenerate DOE
Consider now the following nonlinear problem
, where L k are boundary conditions defined by (1) . Let
Condition 1. Let us assume that:
In this section we prove the existence and uniqueness of a maximal regular solution for the nonlinear problem (11) . By reasoning as in [ 
Singular degenerate boundary value problems for infinite systems of equations
Consider the infinite system of BVPs
where L k are defined by (1) . 
